Topics on heavy baryon chiral perturbation 
theory in the large N c limit 



Ruben Flores-Mendieta 

Instituto de Fisica, Universidad Autdnoma de San Luis Potosi, Alvaro Obregon 64, San Luis 

Potosi, S.L.P. 78000, Mexico 

Abstract. We compute nonanalytical pion-loop corrections to baryon masses in a combined ex- 
pansion in chiral symmetry breaking and 1 /N c , where N c is the number of colors. Specifically, we 
compute flavor- 27 baryon mass splittings at leading order in chiral perturbation theory. Our results, 
at the physical value N c = 3, are compared with the expressions obtained in heavy baryon chiral 
perturbation theory with no 1 /N c expansion. 



INTRODUCTION 

Chiral perturbation theory has been a useful tool in the understanding of low-energy 
QCD hadron dynamics. Its application to baryons through a new formulation of the low- 
energy chiral effective Lagrangian in which the baryons appear as heavy static fields, 
was first introduced in Refs. [1, 2]. The chiral Lagrangian thus obtained was used to 
compute the leading nonanalytic in m s corrections to baryon axial currents [1, 2, 3], 
masses, and non-leptonic decays [1, 2], to name but a few. 

Similarly, the l/N c expansion has proved to be useful in the analysis of the spin- 
flavor structure of baryons in QCD [4, 5, 6, 7, 8]. Evidence for the predictions of the 
1 /N c expansion for baryons has been found in the analysis of masses [7, 8, 9], magnetic 
moments [7, 8, 10], and axial and vector currents [8, 11, 12]. 

The next natural step has been to combine both approaches so that baryon matrix 
elements are obtained in a simultaneous chiral and 1 /N c expansion [7, 5, 13, 14, 15]. The 
resulting approach, referred to as large-/V c . chiral perturbation theory, has proven to have 
a significant predictive power in the analysis of the baryon mass spectra [13, 15, 16], 
magnetic moments [10] and axial current [16]. 

Here we present an explicit calculation of flavor- 27 mass splittings of the octet and 
decuplet, which are calculable and nonanalytic in the quark masses and baryon hyperfine 
mass splittings at leading order in chiral perturbation theory. This analysis illustrates how 
to implement the procedure. 



BARYONS IN CHIRAL PERTURBATION THEORY 

The heavy baryon chiral Lagrangian can be constructed in terms of the pion field II, the 
baryon octet field B v , and the baryon decuplet field T^ bc , where the IT and B v fields are 
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FIGURE 1. 



represented by 3 x 3 matrices and T\~. is a Rarita-Schwinger field which contains both 
spin-1/2 and spin-3/2 pieces and obeys the constraint fT^ = [1, 2]. 

The coupling of the pseudoscalar pion field with the baryon matter fields occurs 
through the vector and axial vector combinations V M = (1/2) (^d^ + ^3^) and = 
(i - tf&Q, where \ = e M lf, E = ^ 2 = e 2in lf, and / « 93 MeV is the pion 
decay constant. Further considerations can be found in Refs. [1, 2]. 

The most general Lagrangian at lowest order is 

^baryon = iTrB v (v • 2) )B V - iT»{v ■ <D )T Vft + A f v T v/i + 2DTr£ v S£{A A ,,B v } 

+ 2FTrB vl ^[A /1 ,B v ] + C (f v %fi v + B v A^) + 2# TfS v v A v T v ^ (1) 

where D, F, C, and # are the baryon-pion couplings and A = mj — nig is the decuplet- 
octet mass difference, i^baryon describes massless pion fields interacting with degenerate 
SU(3) multiplets of baryons. 

Three nonanalytic terms for the baryon masses are calculable, namely, the ones 

which vary as mj 1 , m 2 s \nm s , and (A)m. v lnm. y . These contributions result from one- 
loop diagrams and have been computed in Ref. [17]. Here we analyze the leading 
nonanalytic contributions arising from the Feynman diagram displayed in Fig. 1. This 
diagram involves n, K, and T| emission and reabsorption. The most general form of this 
contribution can be written as 

-dM t = Ii(n,K,r\; A) m (; i +Ig(n,K,r\;A) ra (; 8 + 727 (n,K,r\;A) m^n . (2) 

Ij(%,K,T[; A) are flavor lineal combinations of the integral over the loop, F(mn, A) [14]. 
Here mn is the pion mass and n = n 7 K,r\. Specifically, 

h(n,K,i\;A) = i [3F(ji,A) + 4F(K,A) +F(%A)] , (3) 

7 8 (7i,/C,ri;A) = ^ Qf(ji,A) -F(K, A) - ^FfoA)) , (4) 

/ 27 (7i,iS:,ri;A) = A) - A) +F(t|,A) (5) 

with 

m a = A? + Af + A? , m,- 8 = -L (A? - \lf - A?) 

W , 27 =^(A?-3Af + 9A?). U 



The %Y coefficients for the octet baryons read 
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whereas for the decuplet baryons one has 
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Equation (2) can be used to analyze the two flavor- 27 combinations of baryon masses, 
namely, the Gell-Mann-Okubo combination for octet baryons and the equal spacing rule 
combination for decuplet baryons, which are respectively 
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where particle labels denote the corresponding masses. These relations are a direct 
consequence of the fact that SU(3) symmetry breaking is purely octet [1, 2]. 

The terms proportional to m,-,i and m J; s in Eq. (2) have no effect on the above mass 
relations. The 27 piece produces the corrections 
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to the Gell-Mann-Okubo mass relation and to the equal spacing rule, respectively, where 
7(A) is an abbreviation for fafaK, r\;A)/N c [14]. The integral Izj(tz,K, r\;A), which 
is around 4 MeV, is highly suppressed relative to its singlet and octet counterparts. It 
explains, however, the small violation to the Gell-Mann-Okubo mass relation. 



BARYONS IN LARGE N c CHIRAL PERTURBATION THEORY 

The derivation of the l/N c baryon chiral Lagrangian is given in Ref. [14]. Recent 
developments on the large-/V c formalism applied to baryons can be found in excellent 
reviews [18, 19]. One can also refer to Jenkins' contribution to these proceedings. 
The 1 /N c baryon chiral Lagrangian can be expressed as [14] 

^baryon = i'2> - M hyperfine + Tr (a l l a ) A ia + Tr (a ''-^Q A' + . . . (11) 

Each term in Eq. (11) involves a baryon operator which can be given in terms of 
polynomials in the spin-flavor generators J 1 , T a , and G ia [8]. For instance, at the physical 
value N c = 3, the baryon axial current A ia is expressed as 

A ia = aiG ia + b2 ^ji T a + b3 ^ia + C3 ^ ^ (n) 

where the operators and O l f are defined in [8]. 

We now compute again the leading nonanalytic corrections to the baryon masses but 
now within the combined formalism in \/N c and chiral corrections. The computation 
is complicated by the presence of the hyperfine and quark mass splittings. In the chiral 
limit mi — > the baryon propagator is diagonal in spin and can be written as [14] 

(13) 
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where rpj is a spin projection operator for spin J = j. For N c = 3 one has [14] 

•*~H'-t). i-kH)- 

On the other hand, Aj in Eq. (13) stands for the difference of the hyperfine mass splitting 
for spin J = j and the external baryon. 

The diagram in Fig. 1, given by the product of a baryon operator times the pion flavor 
tensor, can be expressed as 

l£(A fa *jA*) rr fe (Aj), (15) 

where Yl ab is the symmetric tensor defined as 

n fli (A) = h(Ti,K,T];A)8 ab + h(Tl,K,^,A)d ahS 

+ I 21 (n,K,r [ ;A) (> 8 6 fc8 - h ab - ld abS d m ) . (16) 
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For N c = 3, Eq. (15) reduces to 



1 

N~c 



A ia TiA ib n ab (Ai) +A ia <p 3 A ib n ai (A 3 ) 

1 v l' 1 v l' 



(17) 



The evaluation of Eq. (17) involves the computation of the baryon operators A' a A lb Tl ab 
and A ia J 2 A ib Tl ab . One can follow the approach implemented by Jenkins [14] to perform 
the operator reduction of the spin operators involved in the latter expressions by using 
spin projection operators. However, we will use a simplified version of such analysis. 
After a long but otherwise standard calculation we find 
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Explicit expression for the T 8 and G 8 operators can be found in Ref. [8]. Similarly, 
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The full evaluation of the baryon operators leads to 
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for the Gell-Mann Okubo mass formula and 
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for the equal spacing rule. The above equations, at the physical value N c = 3, can be 
straightforwardly compared with the analogous expressions obtained in heavy baryon 
chiral perturbation theory Eqs. (10) by using the identifications 
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Both expressions agree. 



CONCLUSIONS 



We have exemplified how to compute corrections to baryon masses in a calculational 
scheme that simultaneously exhibits both the m q and 1 /N c expansions. Flavor-27 baryon 
mass splittings at leading order in chiral perturbation theory have been computed in 
detail to illustrate the procedure. Furthermore, our results for three colors have been 
compared with the ones obtained in heavy baryon chiral perturbation theory with no 
l/N c corrections and an agreement has been found term by term in the series. 

Some other applications of the combined approach to baryon properties will be 
presented elsewhere. 
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